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We study the dimensional crossover from 1D to 2D in half-filled and lightly doped, weakly
interacting N-leg Hubbard ladders. In this case, the Hubbard ladders are equivalent to a N-band
model. Using renormalization group techniques, we find, that the half-filled ladders exhibit (in the
spin-sector) an odd-even effect only below a crossover energy Ec ∝ exp[−α exp(γN)] (α ≪ 1 and
γ ∼ 1 depend on the interaction strength and on the hopping matrix elements): Below Ec, the
dominant interactions take place within band pairs (j, N + 1 − j) [and within the band (N + 1)/2
for N odd], such that even-leg ladders are an insulating spin-liquid, while odd-leg ladders have one
gapless spinon-mode. In contrast, above the energy-scale Ec, all bands are interacting with each
other and the system is a 2D-like (insulating) antiferromagnet; we obtain an analytical expression
for the Hamiltonian which is similar to the 2D Heisenberg antiferromagnet. Bosonization techniques
show, that in the charge-sector the Mott insulator is as well below and above Ec of the same type
as in N/2 half-filled two-leg ladders. Doping away from half-filling, we find that the effect of an
increasing doping δ is very similar to decreasing the number of legs N : In both cases interactions
between unpaired bands are suppressed and thereby the antiferromagnetic correlations reduced.
The resulting band pairs form then insulating spin-liquids and when doped, there is a spin-gap,
but phase coherence exists only within the band pairs. At higher doping levels δc = δc(N), phase
coherence between all band pairs sets in and the system becomes a 2D-like d-wave superconductor
[δc(N)→ 0 for N →∞].
PACS numbers: 71.10.Pm, 74.20.Mn
I. INTRODUCTION
The physical properties of (quasi-)one-dimensional
electron systems are often very different from their 2D
counterpart, for example, in (spin-1/2) Heisenberg an-
tiferromagnets (AFM): The (quasi-1D) ladders exhibit
in the groundstate an odd-even effect, i.e., odd-leg lad-
ders have one gapless spinon-mode, while even-leg lad-
ders have a spin-gap [1]. The 2D Heisenberg model how-
ever, has two gapless magnon-modes and long-range or-
der [2,3]. Similarly, (quasi-)1D conductors are generally
Luttinger liquids (LL) [4,5], while 2D and 3D electron
systems are (usually) Fermi liquids (FL).
For the AFM Heisenberg model, the dimensional
crossover from 1D to 2D has been studied in Ref. [6]. Via
the correspondence between number of legs N and tem-
perature T , 1/T ∝ N , the nonlinear sigma-model allows
one in this case to calculate various physical properties; in
particular, the spin-gap present in even-leg ladders van-
ishes exponentially as a function of the number N of cou-
pled spin-chains. Coupled LLs [7] and the dimensional
crossover to 2D have been investigated by many different
authors [8–10]. One of the reasons was the search for a
non-FL (i.e., possible LL-like) phase in 2D [11]. How-
ever, no clear evidence for such a phase has been found
so far [8–10,12].
In the half-filled and lightly doped Hubbard model,
there is a strong competition between Cooper, umklapp,
and AFM processes. For an unbiased determination of
the dominant phase, it is therefore advantageous to use
the renormalization group (RG) technique [13]. In the
(weakly interacting) 2D case, such RG studies found
AFM at and close to half-filling and d-wave superconduc-
tivity for sufficient hole doping [14–17]. The dimensional
crossover from 1D to 2D was only investigated away from
half-filling (without umklapp and AFM processes) [18].
The authors concluded that the system becomes a FL for
N →∞.
In a previous work, we have studied in detail the
groundstate properties of the half-filled and lightly doped
N = 3 and 4-leg Hubbard ladders in the case of weak in-
teractions [19]. In contrast to the large U case, where the
half-filled Hubbard model converges onto the Heisenberg
model of spin-1/2 [20], in the small U case, the charge
degrees of freedom are still present, which gives insight
in the effect of doping away from half-filling.
Here, we analyze the crossover from 1D to 2D for the
half-filled (and lightly doped) ladders. We will show that
depending on the energy-scale (respectively length-scale),
the physical properties are very different and that the
phases associated with these properties are separated by
crossover energies which are a function of N . In par-
ticular, the quasi-1D analog of the 2D phase is present
at higher energies, implying that the crossover between
different phases can be studied for N finite. An advan-
tage in quasi-1D compared to the 2D case is the limited
number of different interactions. This allows us to obtain
(some) analytical results and to disentangle the interplay
between AFMs (two gapless magnon-modes), ISLs (insu-
lating spin-liquid, i.e., only short-range correlations), and
superconductivity. The 2D limit (N = ∞) can then be
taken within the same phase.
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For weak interactions, the Hubbard ladders are equiv-
alent to a N -band model, characterized by Fermi veloci-
ties vj . At half-filling, due to nesting of the Fermi surface
(FS), the Fermi velocities of the bands j and N + 1 − j
are equal (to be called “band pairs” below), such that
AFM and umklapp processes take place. Using RG tech-
niques, we find that the half-filled ladders exhibit (in the
spin-sector) an odd-even effect only below a crossover
energy Ec ∝ exp[−α exp(γN)] (α ≪ 1 and γ ∼ 1), but
are 2D-like (insulating) AFMs above the scale Ec. The
reason is, that below Ec only interactions within band
pairs (j,N +1− j) [and within the band (N +1)/2 for N
odd] are present, while above Ec all bands are interacting
with each other. We obtain an analytical expression for
the Hamiltonian which is similar to the 2D Heisenberg
AFM. Analyzing the charge-sector by bosonization tech-
niques [5,21,22], we find, that the Mott insulator is of
the same type as in N/2 half-filled two-leg ladders. The
scale Ec decreases fast to zero as the number of chains N
goes to infinity. The 2D limit is thus an insulating AFM,
in agreement with what has been found in studies of the
weakly interacting 2D Hubbard model [14–17].
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FIG. 1. Schematic phase diagram for the (large) N-leg
Hubbard ladders. At half-filling, the system below the en-
ergy-scale Ec = Ec(N) is an insulating spin-liquid (ISL) and
above Ec an insulating, 2D-like, commensurate antiferromag-
net (CAFM). Upon doping away from half-filling, the lad-
ders become below the chemical potential µ (measured from
its value at half-filling) a conducting spin-liquid (CSL), i.e.,
phase coherence is only present within pairs of Fermi mo-
menta (kF , π − kF ) and (π − kF , kF ); above µ, the antifer-
romagnetic correlations become incommensurate (ICAFM).
Upon increasing doping, phase coherence between all Fermi
momenta sets in and the system becomes a 2D-like d-wave
superconductor.
Doping away from half-filling (at energies above Ec),
we find that the effect of a doping δ > 0 is the same as of
a finite N < ∞: Doped holes suppress the interactions
between unpaired bands and thereby reduce the antifer-
romagnetic correlations. The effect of the doping on the
remaining interactions within a band pair (j,N + 1− j)
is then the same as when doping N/2 uncoupled ISLs;
there is a spin-gap and d-wave-like phase coherence be-
tween bands j and N + 1 − j. At a higher doping value
δc = δc(N), phase coherence between all band pairs sets
in and the N -leg ladders become a 2D-like d-wave super-
conductor [δc(N) → 0 for N → ∞]. The low-energy
physics is given by a d-wave BCS Hamiltonian. The
origin of the superconducting instability is the same as
for the 2D case [14–16]: A Kohn-Luttinger-type attrac-
tion [23] is generated by AFM processes [24]. Further-
more, while at half-filling the antiferromagnetic correla-
tions are commensurate, upon doping, they become in-
commensurate. Fig. 1 gives a schematic overview.
Summarizing, the N -leg Hubbard model exhibits be-
low the length-scale ξc ∝ 1/Ec almost the same physical
properties as the 2D model (i.e., the same correlation
functions dominate), but in contrast to the 2D case, this
quasi-1D analog can be treated (partially) analytically.
We do all our calculations for even N and only refer to
the odd N case where it is of interest. In Sec. II, we intro-
duce the N -leg ladder Hamiltonian, discuss the various
interactions, and specify along which “path” the dimen-
sional crossover is studied. In Sec. III, we briefly revisit
the results obtained previously in Ref. [19] and analyze
the half-filled Hamiltonian as a function of the energy-
scale. We show that there exist for finite N two clearly
different phases, separated by a crossover energy Ec. We
derive an (analytical) expression for Ec. In Sec. IV, the
phase above the energy Ec is investigated in detail and
shown to be a 2D-like AFM. Finally, in Sec. V, we treat
the effect of doping away from half-filling.
II. N-LEG HUBBARD MODEL
The N -leg (N -chain) Hubbard model is given by H =
H0 +HInt, where the kinetic energy is
H0 = −t
∑
x,i,s
d†is(x+ 1)dis(x) + H.c.
−t⊥
∑
x,i,s
d†i+1s(x)dis(x) + H.c. (1)
and the interaction term is
HInt = U
∑
i,x
d†i↑(x)di↑(x)d
†
i↓(x)di↓(x). (2)
The hopping matrix elements along- and perpendicular
to the chains are denoted by t and t⊥ respectively and
U > 0 is the on-site repulsion. For our approach, it is
advantageous first to diagonalize H0,
H0 =
∑
j,s
∫
dkǫj(k)Ψ
†
js(k)Ψjs(k), (3)
where Ψ†js and Ψjs are the creation- and annihilation
operators for the band j. For open boundary conditions
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perpendicular to the legs, the dispersion relations ǫj are
given by (j = 1, . . . , N)
ǫj(k) = −2t cos(k)− 2t⊥ cos [πj/(N + 1)] . (4)
The Fermi momenta in each band kFj are determined
by the chemical potential µ = ǫj(kFj) and the filling
n = 2(πN)−1
∑
kFj . Since we are only interested in the
low-energy physics, we linearize the dispersion relation
at the FS, resulting in Fermi velocities vj = 2t sin(kFj).
We introduce operators ΨR/Ljs for right and left movers
at the FS. At half-filling, µ = 0, and
vj = v¯ = 2
√
t2 − t2⊥ cos[πj/(N + 1)]2, (5)
where ¯ = N + 1 − j. For t = t⊥, v1 = vN ≈ 2πt/N ,
which leads to a singular behavior for large N (the quasi-
1D analog of the van Hove singularities in 2D). For the
following, we take t⊥ < t in order to avoid singularities.
Note that the FS is then not flat [25], but that we still
have nesting, i.e., kFj + kF ¯ = π.
The crucial difference between quasi-1D and 2D are the
interactions which control the low-energy physics. The
system is quasi-1D and only a finite number of different
interactions play a role, provided the energy difference
between two neighboring bands is larger than the largest
energy-scale of the system, i.e., te−t/U . Therefore, we in-
vestigate the crossover between different phases (ISL and
AFM) in quasi-1D, U ≪ t/ lnN, t⊥/ lnN , as a function
of the energy (this can partially be done analytically).
The 2D limit, lnN ≫ t/U , is then taken within the same
phase. In other words, along this particular “path”, the
dimensional crossover from 1D to 2D can be treated in a
controlled way.
Since we are interested in the small-U low-energy
physics, we have to take into account only the processes,
which are present down to arbitrarily small energy-scales.
For the half-filled case, this implies that only umk-
lapp processes where the momenta add up exactly to π,
kFl + kFm = π are relevant. This condition is only ful-
filled for the band pairs (j, ¯), kFj +kF ¯ = π. When dop-
ing away from half-filling, the chemical potential (mea-
sured from its value at half-filling) introduces a low-
energy cutoff for the various umklapp processes. The
interactions which have to be taken into account initially
are then different.
At half-filling, the interacting part of the Hamiltonian
consists of forward (f), Cooper (c), and umklapp (u) pro-
cesses between 2 different bands and (non-)umklapp pro-
cesses between 4 different bands (in our notation, we fol-
low Refs. [19,26]), HInt = H
2B +H4B, where
H2B =
∑
i6=j
∫
dx
(
fρijJRiiJLjj − fσijJRii · JLjj
+cρijJRijJLij − cσijJRij · JLij
)
+
∑
j
∫
dx
(
cρjjJRjjJLjj − cσjjJRjj · JLjj
)
+
∑
j
∫
dx
[(
uρj¯¯jI
†
Rj¯IL¯j − uσj¯¯jI†Rj¯ · IL¯j
+uρjj¯¯I
†
RjjIL¯¯
)
+H.c.
]
(6)
where the U(1) and SU(2) currents are defined as
Jhij =
∑
s
Ψ†hisΨhjs (7)
and
Jphij =
1
2
∑
s,s′
Ψ†hisτ
p
ss′Ψhjs′ , (8)
where again h = R/L and the τp are the Pauli matri-
ces (p = x, y, z). Due to symmetry, fρ,σij = f
ρ,σ
ji and
cρ,σij = c
ρ,σ
ji . The umklapp currents are
Ihij =
∑
s,s′
Ψhisǫss′Ψhjs′ (9)
and
Iphij =
1
2
∑
s,s′
Ψhis (ǫτ
p)ss′ Ψhjs′ , (10)
where ǫ = −iτy. The 4-band interactions involve pro-
cesses between two different band pairs (j, ¯) and (k, k¯),
H4B =
N/2−1∑
j=1
N−j∑
k=j+1
∫
dxH4Bjk , (11)
where
H4Bjk = cρjkk¯¯
(
JRjkJLk¯¯ + JR¯k¯JLkj +H.c.
)
−cσjkk¯¯
(
JRjk · JLk¯¯ + JR¯k¯ · JLkj +H.c.
)
+uρ
jkk¯¯
(
I†RjkILk¯¯ + I
†
Rk¯¯
ILjk +H.c.
)
+uρ
j¯kk¯
(
I†Rj¯ILkk¯ + I
†
Rkk¯
ILj¯ +H.c.
)
−uσjkk¯¯
(
I
†
Rjk · ILk¯¯ + I†Rk¯¯ · ILjk +H.c.
)
. (12)
In our case vj = v¯ implying c
ρ,σ
jkk¯¯
= cρ,σ
jk¯k¯
, uρ,σ
jkk¯¯
= uρ,σ
jk¯k¯
.
Note that the 4-band couplings describe AFM processes,
i.e., the terms Ψ†RjsΨL¯s′ result in a momentum transfer
of π (along the chains).
III. DIMENSIONAL CROSSOVER
Using the RG method, we study the half-filled N -leg
ladders as a function of the energy-scale. We show that
there exist two clearly different phases, separated by a
crossover energy Ec ≪ t. The phase below Ec is an
3
ISL, i.e., 4-band-AFM processes are suppressed and the
physics is dominated by 2-band umklapp and Cooper
processes [19]. In contrast, in the phase above Ec (but
still below the bandwidth t) the 4-band-AFM processes
are large and dominating (this phase is investigated in de-
tail in Sec. IV). First (Sec. III A), we revisit the results
for N -leg ladders obtained previously in Ref. [19] and
give a criterion for the couplings allowing for a (rather)
precise distinction between the two phases. In Sec. III B,
we calculate the crossover energy Ec as a function of N .
A. ISL phase in even-leg ladders
In Ref. [19], we have shown, that at half-filling (for N
even) the band pair (j, ¯) scales towards an ISL and is
frozen out at the energy-scale te−αjvj/U , where αj ∼ 1.
The low-energy Hamiltonian is then the same as of N/2
half-filled two-leg ladders. For increasing N , the initial-
value U/t (and therefore the energy-scale), which leads
to this decoupling (in particular to a suppression of the 4-
band-AFM processes) and an ISL phase, decreases fast.
Next, using bosonization techniques [5,21,22], we show
that the RG flow of the Luttinger liquid parameter for
spin triplet pairing, Kσj+, allows one to determine the
energy-scale, where the spin-gap opens. This energy-
scale can then be interpreted as the crossover energy be-
tween the ISL phase at low energies and the AFM phase
at higher energies (which has no spin-gap).
Bosonization is the method of rewriting fermionic cre-
ation (annihilation) operators in terms of field opera-
tors Φα and Πα satisfying the commutation relation
[Φα(x),Πα(y)] = iδ(x − y) (α labels the charge and
spin-modes for the different bands). The dual field of
Φα is defined as ∂xθα = Πα. The fields Φα contain
the (physical) charge respectively spin of the particle,
i.e., the charge/spin-density is ρα = ∂xΦα, while the
fields θα can be interpreted as the phase of the charge-
part respectively the spin-part (for ladders, see, e.g.,
Refs. [18,19,26]). We introduce the fields
Φνj¯± =
1√
2
(Φνj ± Φν¯) (13)
and
Πνj¯± =
1√
2
(Πνj ±Πν¯) (14)
combining the fields of the bands j and ¯ (ν = ρ, σ),
e.g., the spin-fields Φσj¯± describe triplet/singlet pairs
between the momenta kFj and kF ¯.
The bosonized Hamiltonian takes the following form.
The noninteracting Hamiltonian H0 plus the contribu-
tions of the charge-currents fρj¯ and c
ρ
jj and the z-
component of the spin-currents fσj¯ and c
σ
jj can be written
as
H˜0 =
∑
j,ν,µ
∫
dx
vνjµ
2
[
1
Kνjµ
(∂xΦνj¯µ)
2 +KνjµΠ
2
νj¯µ
]
,
(15)
where ν = ρ, σ and µ = ± and the Luttinger liquid pa-
rameters (LLP) are
Kρj± =
√
πvj − (cρjj ± fρj¯)
πvj + (c
ρ
jj ± fρj¯)
(16)
and
Kσj± =
√
4πvj + (cσjj ± fσj¯)
4πvj − (cσjj ± fσj¯)
. (17)
The velocities are vνjµ ∼ vj . The interacting part of
the N -leg ladder Hamiltonian contains (apart form other
terms) the expression [26]
− cos
(√
4πΦσj¯+
)
× other cosine terms. (18)
Fields which appear in a cosine become “pinned” in order
to minimize the energy, e.g., the term − cos(√4πΦσj¯+)
implies (quasiclassicaly) Φσj¯+ ≈ 0 and the correspond-
ing spin-mode acquires a gap.
The LLPs determine the exponents of correlation func-
tions [21,22] and — together with cosine-terms — the
pinned fields. Here, as we show in the following, the
flow of the LLP Kσj+ can be used to determine the
energy-scale where the spin-gap in the σ+ sector opens.
Note that initially (i.e., at high energies) Kσj+ > 1 and
Kσj− = 1 (and Kρj+ < 1, Kρj− = 1). For the N -leg lad-
ders, the RG flow of the couplings is such that cσjj ≈ −t
and fσj¯ ≈ 0 at low energies, implying Kσj± < 1. Hence,
whileKσj− is always ≤ 1, there is an energy, where Kσj+
becomes smaller than 1, i.e., rj = c
σ
jj + f
σ
j¯ ≤ 0. The
canonical transformation
Φ˜σj¯+ = Φσj¯+/
√
Kσj+, θ˜σj¯+ = θσj¯+
√
Kσj+ (19)
eliminates Kσj+ from H˜0 (it just renormalizes the veloc-
ities) and results in
− cos
(√
4πKσj+Φ˜σj¯+
)
× other cosine terms. (20)
A large Kσj+ therefore tends to depin the field Φ˜σj¯+,
while a small Kσj+ results in a strong pinning of the
field Φ˜σj¯+ (for the dual field θ˜σj¯+, it is vice versa).
The crossover between the two regimes takes place at
Kσj+ = 1 (since we are at finite energy, it is a crossover
and not a transition). The ISL phase therefore requires
rj < 0 (Kσj+ < 1) and rj can be used in the RG flow
to determine a crossover energy. We note that for the
pure sine-Gordon model (at zero temperature), the value
Kα = 1 rigorously separates the massive from the mass-
less phase [27].
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FIG. 2. The upper figure shows the strong-coupling value
of the ratio of a 4-band-AFM and a 2-band Cooper cou-
pling, cσ12N−1N /c
σ
1N , as a function of the initial-value U/t.
For increasing N , the 4-band-AFM couplings are only sup-
pressed for very small initial-values. Similarly, the lower fig-
ure displays the strong-coupling value of the sum of couplings
r1 = c
σ
11 + f
σ
1N . The initial-values which lead to r1 < 0 (i.e.,
an ISL) become very small as N becomes large. We take both
times t⊥/t = 0.95.
B. Determination of the crossover energy
Performing a numerical integration of the full set of RG
equations (RGEs) [28], we calculate the crossover energy
Ec = Ec(N), which separates ladder-like from 2D-AFM-
like behavior (the RGEs are a generalization of the 3-leg
RGEs given in Ref. [19]; the RGEs relevant for the AFM
phase are given below).
In Fig. 2, we have plotted the strong-coupling value of
the ratio of a 4-band AFM and a 2-band Cooper coupling,
cσ12N−1N/c
σ
1N , and of r1 = c
σ
11 + f
σ
1N for N = 4, 8, 12, 16
(we fix the strong-coupling value of cσ1N at the band-
width t). We take t⊥/t = 0.95, because for t⊥/t = 1, the
band pair (1, N) is close to the van Hove singularities,
such that its behavior would no more be typical for the
system. When the number of chains, N , increases, the
initial-value U/t which leads to a suppression of the 4-
band-AFM couplings decreases fast. Similarly, for large
N , the r1 becomes only negative when U/t is very small.
Note that for the other band pairs (j, ¯), the correspond-
ing energy-scales are lower, since the velocities vj are
larger and the gaps are of the order of t exp(−αjvj/U).
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Uc
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FIG. 3. The sum of couplings rj = c
σ
jj + f
σ
j¯ allows to de-
termine between ISL and AFM: For rj < 0 the band pair
(j, ¯) is an ISL and for rj > 0 an AFM. We have plotted the
initial-value Uc/t, which leads to r1 ≈ 0 at the energy-scale,
where the first coupling of the band pair (1, N) has grown up
to the bandwidth t. The figure shows, that − logUc(N)/t is
in good approximation a linear function of N (the squares are
the calculated initial-values and the lines are a guide to the
eye).
Hence, both the 4-band-AFM processes and the rj
have a strong and similar dependence on the energy-scale.
For small enough initial-values U/t, the differences be-
tween the Fermi velocities lead to a decoupling into band
pairs. However, since vj − vj+1 ∝ 1/N , for increasing
N , this decoupling becomes suppressed and the physics
is dominated by 4-band-AFM processes.
We calculate the crossover energy Ec as follows. We
determine initial-values Uc = Uc(N) such that r1 ≈ 0
at the scale where the first coupling of the band pair
(1, N) has grown up to the bandwidth t. For initial-
values U < Uc(N), a spin-gap then opens, starting in
the band pair (1, N), and the 4-band-AFM processes
become suppressed. We find that Uc(N) can be fit-
ted by Uc(0) exp(−γN), where γ ∼ 1 (for t⊥/t =
0.8, 0.85, 0.9, 0.95, we obtain γ = 3.7, 3.2, 2.6, 1.9) and
Uc(0)≫ t, see Fig. 3. On the other hand, an initial-value
U corresponds to an energy-scale (gap) t exp(−t/U). The
crossover energy Ec is therefore given by
Ec ∼ t exp[−α exp(γN)], (21)
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where α ∼ t/Uc(0) ≪ 1. Note that the energy Ec is
also the upper limit for the spin-gap in the ISL phase.
For large U (Heisenberg AFM), the corresponding scale
(spin-gap) is J exp(−0.68N), where J = 4t2/U (see also
table I) [6]. While for large U the spin-gap decreases
exponentially, in the small-U case the decrease is double-
exponentially.
As a result, the “phase” of the 2D system is for finite
N present above an energy-scale Ec = Ec(N), where
Ec(N)→ 0 for N →∞. Equivalently, below the length-
scale ξc ∝ 1/Ec, the dominating correlation functions are
the same as in the 2D system.
IV. THE 2D-LIKE AFM PHASE
First (Sec. IV A), using the RG method, we calculate
the asymptotic ratios of the couplings and the charge-
gap of the phase present above Ec. Comparing our re-
sults with the flow well away from half-filling [18], we
conclude, that AFM processes (at high energies) are nec-
essary for an instability in the RG flow of the N -leg
Hubbard model. In Sec. IV B, we show that the phase
above Ec is the quasi-1D counterpart of a 2D insulat-
ing AFM. In particular, there is no odd-even effect and
the interacting part of the Hamiltonian is similar to the
2D Heisenberg AFM. Using bosonization techniques, we
obtain, that the system is Mott insulating and that the
insulator is of the same type as in the half-filled two-
leg ladder, see Sec. IV C. For the spin-sector, we find
the same physical properties as for the Heisenberg AFM,
i.e., two gapless magnon modes, spinon confinement, and
long-range order in the 2D limit.
A. Asymptotic ratios of the couplings
We give the RGEs of the 4-band-AFM couplings for
large N , i.e., keeping in the RGEs only sums over N
products of couplings and dropping the (2-band) contri-
butions of the order of 1. We then determine (analyti-
cally) the asymptotic ratios of the couplings for Hubbard
initial-values and the size of the charge-gap.
1. RGEs
The RGEs of the 4-band interactions are given by a
sum over N/2 products of 4-band couplings
dcρ
jkk¯¯
dl
=
N/2∑
i6=j,k
1
vi
(
cρjiı¯¯c
ρ
kiı¯k¯
+ uρjiı¯¯u
ρ
kiı¯k¯
+
3
16
cσjiı¯¯c
σ
kiı¯k¯ +
3
16
uσjiı¯¯u
σ
kiı¯k¯
)
duρ
jkk¯¯
dl
=
N/2∑
i6=j,k
1
vi
(
cρjiı¯¯u
ρ
kiı¯k¯
− 3
16
cσjiı¯¯u
σ
kiı¯k¯ + k ↔ j
)
dcσ
jkk¯¯
dl
=
N/2∑
i6=j,k
1
vi
(
−1
2
cσjiı¯¯c
σ
kiı¯k¯ + c
σ
jiı¯¯c
ρ
kiı¯k¯
+ cσkiı¯k¯c
ρ
jiı¯¯
−1
2
uσjiı¯¯u
σ
kiı¯k¯ − uσjiı¯¯uρkiı¯k¯ − uσkiı¯k¯u
ρ
jiı¯¯
)
duσ
jkk¯¯
dl
=
N/2∑
i6=j,k
1
vi
(
−1
2
cσjiı¯¯u
σ
kiı¯k¯ + u
σ
jiı¯¯c
ρ
kiı¯k¯
−uρjiı¯¯cσkiı¯k¯ + k ↔ j
)
, (22)
where the energy-scale is related to l by E ∼ te−πl.
Defining
h±jk =
cσ
jkk¯¯
4
+
uσ
jkk¯¯
4
±
(
cρ
jkk¯¯
− uρ
jkk¯¯
)
(23)
we find from the above RGEs, that
d
dl
h+jk =
N/2∑
i6=j,k
1
vi
h+jih
+
ki. (24)
Given the Hubbard initial-values 4cρ
jkk¯¯
= cσ
jkk¯¯
=
2uρ
jkk¯¯
= 2U/(N+1) and uσ
jkk¯¯
= 0, we obtain h+jk(l) = 0
for all l (this fixed point is stabilized by the 2-band in-
teractions). Since
d
dl
h−jk = −
∑
i6=j,k
1
vi
[
h−jih
−
ki + (h
+
ji + h
−
ji)(h
+
ki + h
−
ki)
]
(25)
and h−jk(0) > 0, the h
−
jk flow to 0, h
−
jk(l)→ 0 for increas-
ing l. From the flow of the h±jk, we then calculate the
flow of the 4-band couplings and obtain the asymptotic
ratios
t ∼ 3gjk = 4cρjkk¯¯ = 3cσjkk¯¯ = 4u
ρ
jkk¯¯
= −3uσjkk¯¯. (26)
TABLE I. The table shows the correspondence between
crossover energy (spin-gap) and energy-scale of the 2D system
for small and large U . The exponentially small charge-gap for
small U leads to a double exponentially suppressed 1D-2D
crossover energy (the result for the spin-gap in the large U
case is from Ref. [6]).
2D energy-scale crossover energy
U ≪ t t exp(−λt/U) t exp[−α exp(γN)]
U ≫ t J J exp(−0.68N)
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Note that uρ
j¯kk¯
remains always small. The 2-band
and single-band interactions are for large N dominantly
renormalized by the 4-band interactions. The asymptotic
ratios of the 2-band and single-band couplings can there-
fore be calculated by inserting the ratios (26) in the RGEs
for these couplings [19]. We then find, that the following
couplings of the band pairs (j, ¯) grow and approach fixed
ratios:
t ∼ 3gj = 4fρj¯ = 3fσj¯ = 4cρj¯ = 3cσj¯
= 4uρj¯¯j = 8u
ρ
jj¯¯ = 3u
σ
j¯¯j . (27)
The other 2-band and single-band couplings stay small;
in particular the single-band SU(2) processes are small,
|cσjj | ≪ t, but they have become attractive, cσjj < 0.
For bands k and j, which are close together on the
FS, k → j, the 4-band coupling becomes the same as the
corresponding 2-band couplings, gjk ≈ gj ≈ gk. In the
limit N →∞, all the (2 and 4-band) g-couplings take the
same value, gj = gm = gkl. The gap ∆ is then similarly
calculated as the asymptotic ratios; using that
d
dl
sjk =
N/2∑
i6=j,k
1
vi
sjiski, (28)
where
sjk =
cσ
jkk¯¯
4
−
uσ
jkk¯¯
4
+ cρ
jkk¯¯
+ uρ
jkk¯¯
, (29)
we find for the scale of divergence
lc =
N + 1
U
∑N
j 1/vj
. (30)
In particular, lc = 2t/U for t⊥/t = 0 and
lc =
πt
U
1
ln(2N/π)
(31)
for t = t⊥, where lnN < t/U for the validity of our calcu-
lations. The logarithmic corrections come from the fact
that v1 = vN ∼ t/N (van Hove singularities). The gap
becomes
∆ ∼ te−lc = te−λt/U , (32)
where λ is a function of t⊥/t and of the order of 1, λ ∼ 1
(see also table I).
2. Discussion
It is instructive to compare our result with the situa-
tion well away from half-filling, where the umklapp inter-
actions can be neglected. In Ref. [18], it has been shown,
that without umklapp interactions and for repulsive in-
teractions, U > 0, the large N limit is a FL, i.e., the
typical gap-size scales exponentially to 0, ∝ e−N . The
reason is, that the forward scattering (f) processes, which
tend to drive the system towards a RG instability give
contributions of the order of 1, while the Cooper pro-
cesses (c), which drive the system towards a FL, have a
weight ∝ N .
At half-filling, the situation is completely different:
Here, the 4-band AFM processes with a weight ∝ N
are (entirely) responsible for the RG instability at the
energy-scale ∆ ∼ te−λt/U . Therefore, the N -leg Hubbard
model exhibits for large N only a RG instability, when 4-
band AFM processes are (at least initially) present. The
van Hove singularities, see Eq. (31), lead to a further
increase of the gap-size (but are not the reason for the
instability).
B. Effective low-energy Hamiltonian
We show that above Ec, the Hamiltonian of the half-
filled N -leg Hubbard ladders is similar to the 2D Heisen-
berg AFM.
At low energies (but above Ec), the ratios of the cou-
plings are given by Eqs. (26) and (27), such that the U(1)
and SU(2) 4-band interactions, see Eq. (12), simplify to
3JRjkJLk¯¯ − 4JRjk · JLk¯¯ = 2Ψ†RjsΨL¯sΨ†Lk¯s¯ΨRks¯
−2Ψ†RjsΨL¯sΨ†Lk¯sΨRks − 4Ψ
†
RjsΨL¯s¯Ψ
†
Lk¯s¯
ΨRks (33)
(for s =↑, s¯ =↓ and vice versa) and
3I†RjkILk¯¯ + 4I
†
Rjk · ILk¯¯ = 2Ψ†RjsΨL¯sΨ†Rks¯ΨLk¯s¯
−2Ψ†RjsΨL¯sΨ†RksΨLk¯s − 4Ψ†RjsΨL¯s¯Ψ†Rks¯ΨLk¯s. (34)
Defining
Mpj = Ψ
†
Rjsτ
p
ss′ΨL¯s′ +H.c. (35)
the Hamiltonian then takes the form
H = H0 − 1
2
∑
i,j
gij
∫
dxMi ·Mj . (36)
The 2-band couplings fρ,σj¯ and u
ρ
jj¯¯ give the contribu-
tions Mj ·Mj and the 2-band couplings cρ,σj¯ and uρ,σj¯¯j
lead to the products Mj · M¯. The 4-band couplings
result in the other products Mi ·Mj. For N large, all
couplings take the same value gij = g > 0 (s-wave AFM).
As a result, all band pairs (j, ¯) are interacting with
each other. In particular, for N odd, the band r =
(N + 1)/2 is interacting with all other band pairs and
there is no qualitative difference between odd and even
N . This contrasts the ladder-case at energies below Ec,
where only interactions within the band pairs (j, ¯) are
present, respectively for odd N , within the band r. This
then leads to an odd-even effect, i.e., the band r present
only for odd N exhibits a gapless spinon-mode [19].
It is instructive to Fourier transform Eq. (36)
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H = H0 − 1
2
∑
i,j
gij
×
∑
k,k′,q
[
Ψ†Ris1(k)τ
p
s1s′1
ΨLı¯s′
1
(k + q) + H.c.
]
×
[
Ψ†Rjs2 (k
′)τps2s′2ΨL¯s
′
2
(k′ − q) + H.c.
]
. (37)
The Fourier transformed 2D AFM Heisenberg Hamilto-
nian (large-U limit) takes the form
HJ = −J
∑
k,k′,q
(
eiqx + eiqy
)
×Ψ†s1(k)τps1s′1Ψs′1(k+ (π, π) + q)
×Ψ†s2(k′)τps2s′2Ψs′2(k
′ − (π, π) − q), (38)
where we substituted q by q+(π, π). Therefore, the inter-
acting part of the Hubbard Hamiltonian (37) is basically
the Heisenberg Hamiltonian restricted to the umklapp
surface (the operators Ψ†Rjs and ΨL¯s have a momentum
difference of π). Since U/t is small (and therefore the en-
ergies low), there is no q-dependent coupling in Eq. (37).
In real space, this corresponds to long-range spin-spin in-
teractions. Note that the generalization/crossover of the
Hamiltonian (37) to 2D is straightforward. Introducing
a sum over qy is sufficient (q = qx).
To conclude this section: The half-filled N -leg Hub-
bard Hamiltonian — with on-site repulsion between elec-
trons — becomes at energies below the gap ∆ a Hamilto-
nian with purely long-range AFM spin-spin interactions.
C. Physical properties: Bosonization
Using bosonization techniques, we derive the physical
properties of the AFM Hamiltonian, Eq. (36).
1. Bosonized Hamiltonian
The noninteracting part is given by H˜0, see Eq. (15).
At the AFM fixed-point, the interacting part is as follows.
The 4-band interactions take the form,
H4Bjk = −gjkHC (2HS1 +HS2) + (j ↔ ¯, k ↔ k¯). (39)
The HS1 contains the spin-fields Φσj¯− and θσj¯+,
HS1 = cos[β(Φσj¯− − Φσkk¯− + θσkk¯+ − θσj¯+)], (40)
where β =
√
π and HS2 contains the spin-fields Φσj¯+
and θσj¯−,
HS2 = cos[β(θσj¯− − θσkk¯− +Φσkk¯+ − Φσj¯+)]
+ cos[β(θσj¯− + θσkk¯− − Φσkk¯+ − Φσj¯+)]. (41)
The charge-part, HC , includes the charge-fields Φρj¯+
and θρj¯−,
HC = cos[β(Φρkk¯+ − Φρj¯+ + θρj¯− − θρkk¯−)]
+ cos[β(Φρkk¯+ +Φρj¯+ − θρj¯− − θρkk¯−)]. (42)
In HC , the first cosine comes from the 4-band non-
umklapp interactions (33), while the second cosine re-
sults from the 4-band umklapp interactions (34). The
bosonized form of the 2-band non-umklapp terms is
H2Bj,1 = gj cos(2βθρj¯−) [2 cos(2βθσj¯−)
−2 cos(2βΦσj¯+)− 4 cos(2βΦσj¯−)]
+2gj cos(2βΦσj¯+) cos(2βθσj¯−) (43)
and of the 2-band umklapp terms
H2Bj,2 = gj cos(2βΦρj¯+) [2 cos(2βθσj¯−)
−2 cos(2βΦσj¯+)− 4 cos(2βΦσj¯−)]
−3gj cos(2βΦρj¯+) cos(2βθρj¯−). (44)
The LLPs at the AFM fixed-point take the form
Kρj± =
√
πvj ∓ 3gj/4
πvj ± 3gj/4 (45)
(implying Kρj+ < 1 and Kρj− > 1) and
Kσj± =
√
πvj ± gj/4
πvj ∓ gj/4 , (46)
i.e., Kσj+ > 1 and Kσj− < 1. Table II gives an overview
about the LLPs in the AFM and ISL phase.
Note that the commutation relation for the field and
its dual field hinders the pinning, i.e., the localization of
the field Φα and its dual field θα in the minimum of a
cosine at the same time.
TABLE II. The phase at a particular energy-scale is re-
lated to the value of the LLPs at this scale. The table shows
the LLPs in the insulating AFM, ISL, and superconducting
(SC) phase. Note that always Kρj− > 1 and Kσj− < 1. The
differences are, that Kρj+ < 1 for the AFM and ISL and
Kσj+ < 1 for the ISL and the SC.
Kρj+ Kρj− Kσj+ Kσj−
AFM < 1 > 1 > 1 < 1
ISL < 1 > 1 < 1 < 1
SC > 1 > 1 < 1 < 1
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2. Charge-sector
For the charge-sector, we then find, that the same
fields are pinned as in the half-filled two-leg (respec-
tively N -leg) Hubbard ladder [19,26], i.e., Φρj¯+ ≈ 0 and
θρj¯− ≈ 0. The type of Mott insulator is thus the same in
1D and 2D. Note that pinning of Φρj¯− instead of θρj¯−
leads to another type of insulator. The difference between
these two types of insulators becomes physically relevant
upon (hole) doping. While the second type most likely
becomes a FL, the first type becomes (in case we have a
spin-gap) a superconductor, since doping only depins the
Φρ-fields but does not destroy the phase coherence, i.e.,
the θρ-fields remain pinned, see Ref. [19].
3. Spin-sector
In contrast, in the spin-sector, both the fields Φσj¯±
and the dual fields θσj¯± appear in a cosine, resulting in
a competition between different “phases”, i.e., pinning of
the field vs. its dual field. However, since Kσj+ > 1 and
Kσj− < 1 (for a comparison, see Sec. III A), it is more
favorable to pin θσj¯+ and Φσj¯− than the corresponding
dual fields.
The physical interpretation is then the following. The
pinning of Φσj¯− leads to a spinon confinement, leaving
as physical particles spin 1 magnons. Note that only the
differences θσj¯+ − θσkk¯+ appear in H4B, such that the
total magnon mode(s), given by θT =
√
2/N
∑
j θσj¯+
and ΦT =
√
2/N
∑
j Φσj¯+, remains gapless. The π and
0 mode then result from a superposition of left/right go-
ing modes along the chains (since we use open boundary
conditions, the transvers momentum is always positive).
For the calculation of the spin-spin correlation func-
tion, we first rewrite the real-space operators dis in terms
of the band operators Ψhjs and then the band operators
in terms of the bose-operators. Using that only products
of fields, which contain the pinned charge-fields Φρj¯+
and θρj¯− give non-vanishing contributions to the spin-
spin correlation function, the real-space spin-operator at
the position (x, i) takes the form
Spi (x) =
1
2
∑
j
γijγi¯
(
Ψ†Rjsτ
p
ss′ΨL¯s′e
−i(kFj+kF¯)x
+R↔ L
)
, (47)
where γjm =
√
2/(N + 1) sin[πjm/(N + 1)] and at
half-filling, kFj + kF ¯ = π. The abelian bosonization
scheme used here, breaks non-abelian symmetries, i.e.,
the SU(2) spin-symmetry is broken down to U(1), see,
e.g., Refs. [22,29]. In our case, only the x and y com-
ponents of the spin-spin correlation function give then
straightforwardly the correct physical result (this “prob-
lem” occurs also in a single chain with a spin-gap [22]).
The products of fields appearing in Eq. (47) are then
rewritten in terms of bose-operators according to
Ψ†Rj↑ΨL¯↓ ∝ ei
√
π(−Φρj¯+−Φσj¯−+θρj¯−+θσj¯+). (48)
The charge-fields and Φσj¯− are pinned and can be set to
zero. Using that θσj¯+ − θσkk¯+ ≈ 0, we express θσj¯+ in
terms of the total spin-mode θT , θσj¯+ =
√
2/NθT . Since
H0 is gaussian in the fields ΦT and θT , the spin-spin cor-
relation function takes the form (for details about such
calculations, consult, e.g., Ref. [27])
〈Si(x) · Sl(0)〉 ∝ (−1)i+l cos(πx)/x1/N , (49)
where x < ξc ∝ 1/Ec (for x > ξc we are in the ISL phase,
where the decay is exponentially with coherence length
ξAF ∼ ξc, respectively, for N odd, ∝ 1/x).
The energy-scales for charge and spin-excitations are
different. The LLPs in the charge-sector, see Eq. (45),
deviate more from their noninteracting value (= 1) than
the LLPs in the spin-sector, Eq. (46), i.e.,
|Kρj± − 1| ≈ 3gj/(4πvj), |Kσj± − 1| ≈ gj/(4πvj). (50)
This implies that the charge-fields are pinned more
strongly than the spin-fields and therefore the Mott-gap
(we may interpret the RG-scale ∆ as the charge-gap) is
larger than the gap to spin-1/2 (spinon) excitations. The
coupling between the different bands makes it difficult to
investigate the detailed excitation spectrum, such that
we do not go beyond this qualitative result (for the pure
sine-Gordon model, there exist rigorous results about the
gap dependence on Kα, see Ref. [27]).
V. EFFECT OF (HOLE) DOPING
Next, we study the effect of doping away from half-
filling. There are two different doping regimes. The
lightly doped case, where the influence of the umklapp
processes has to be taken into account, can be treated as
a perturbation of the half-filled low-energy Hamiltonian
(limit δ → 0 and U finite). For increasing doping, one
has then again to investigate the RG flow.
For the lightly doped case (Sec. V A), we find above Ec
the same phase as below Ec (see Ref. [19]): a conducting
spin-liquid (bound hole-pairs), see also Fig. 1. Further-
more, while at half-filling the magnetic correlations are
only at (π, π), they become incommensurate upon dop-
ing.
In Sec. V B, we briefly show how and why for increas-
ing doping phase-coherence between all band pairs sets
in and the system becomes a 2D-like d-wave supercon-
ductor. The low-energy Hamiltonian takes the form of
a d-wave BCS model, where the pairing is between elec-
trons.
Note that the superconducting instability is for N ≫ 2
generated in the same way as for the 2D case [14–16]:
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A Kohn-Luttinger-type attraction [23] is mediated by
AFM processes [24]. In contrast, the superconducting
instability in the two-leg ladder is generated by forward-
scattering processes [18].
A. Lightly doped case
The ISL phase of the half-filled two-leg Hubbard lad-
der becomes superconducting when doped, because of the
phase-coherence (see discussion of the charge-sector in
the previous section) and the spin-gap present at half-
filling [26]. Here, we show that the doped Hubbard
AFM becomes a conducting spin-liquid, formed by bound
hole-pairs (this phase may becomes superconducting at
very low energies; for the 4-leg ladder, see discussion in
Ref. [19]).
The 2-band interactions alone, see Eqs. (43) and (44),
would result in an ISL phase, i.e., Φσj¯± ≈ 0. It is the
presence of interactions between bands i and j which are
not “paired” (j 6= i, ı¯), which renders the system a 2D-
like AFM. The effect of a decreasing N <∞ is therefore
that interactions between unpaired bands become sup-
pressed and the AFM correlations are reduced. Next, we
show that the effect of doping away from half-filling is a
similar one, i.e., the doping δ corresponds to 1/N .
At low dopings and at finite N , we can dope the system
perturbatively by introducing a chemical potential term
−µQ (Q is the total charge) in the half-filled low-energy
Hamiltonian, see Ref. [19]. For the charge-sector, we can
use bosonization, where the charge density is given by
ρ =
∑
j ∂xΦρj .
j
j
pi0
pi
0
0 pi
FIG. 4. The square is the umklapp surface, which is
the FS at half-filling (t = t⊥). Left: There are 2 types of
AFM processes; AFM processes which are umklapp processes
(dashed arrows), and AFM processes which are not umklapp
processes (solid arrows). Right: The (non-umklapp) AFM
processes which take place within a band pair (j, ¯) are iden-
tical to the corresponding (d-wave) Cooper processes within
this band pair. Upon doping away from half-filling, these
processes remain large, open a spin-gap and lead to phase
coherence within band pairs (j, ¯). Note that we use for the
ladders open boundary conditions, whereas the above figures
are drawn — for a better comparison with the 2D case — for
periodic boundary conditions.
Doping then introduces kinks in the fields Φρj¯+, such
that the expectation value of cosine terms, which contain
this field gradually goes to zero (the kink is a fermionic,
strongly localized particle). Here, the kinks are bound
hole-pairs of charge 2 and zero spin. All 4-band interac-
tions contain the field Φρj¯+, see Eq. (42), and therefore
vanish. The effect of the doping on the 2-band inter-
actions is the same as when doping an ISL, i.e., in the
bosonized version, the umklapp term (44) vanishes leav-
ing only the term (43), which opens a spin-gap, and leads
to d-wave-like phase coherence between the bands j and
¯, corresponding to the Fermi momenta (kFj , π−kFj) and
(π − kFj , kFj). The charge-gaps close to (π/2, π/2) are
the smallest ones (note that gN/2/vN/2 < . . . < g1/v1),
such that the hole-pairs enter first there.
In other words, it is the fact, that the (s-wave) AFM
processes
−Mj ·M¯ = −Ψ†Rj↓ΨL¯↑Ψ†Lj↑ΨR¯↓ (+other terms)
(51)
(partially) coincide with the (d-wave) Cooper processes
with momentum transfer π
∆†j∆¯ = Ψ
†
Rj↓Ψ
†
Lj↑ΨL¯↑ΨR¯↓ (+other terms), (52)
which makes a doped AFM a superconductor: These par-
ticular AFM/Cooper processes flow at higher energies
— driven by AFM processes — to strong coupling and
are not suppressed at lower energies by doping (see also
Fig. 4). We therefore have AFM mediated superconduc-
tivity [24]. The full phase-coherence around the FS then
grows out of the phase-coherence between bands j and ¯,
see below.
Upon doping, the AFM correlations become incom-
mensurate. When doping away from half-filling, kFj +
kF ¯ < π, and the AFM peak shifts away from (π, π), see
Eq. (47). In particular, for small t⊥/t≪ 1, all bands are
(almost) equally doped and kFj + kF ¯ = π(1 − δ), i.e.,
the incommensurability is equal the doping δ. Further-
more, doping leads to a cutoff of the AFM processes at
the energy-scale of the chemical potential µ and therefore
to an exponential decay of the spin-spin correlation func-
tion, where the coherence-length is given by ξAF ∝ 1/µ.
B. Increasing doping
We argue, that for increasing doping, phase-coherence
between the band pairs sets in, when the “distance”
between neighboring bands is of the order of the “dis-
tance” of the FS to the umklapp surface, i.e., for dopings
δ > δc(N) ∼ (t⊥/t)/N . The system then becomes a
2D-like d-wave superconductor.
Since a finite chemical potential µ results in a low-
energy cutoff for the umklapp and 4-band-AFM interac-
tions, one has to start initially with all interactions which
are large at this cutoff energy-scale. In leading order, this
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implies that not only the 4-band interactions cρ,σ
jkk¯¯
and
uρ,σ
jkk¯¯
have to be taken into account, but also “neighbor”
processes of the form cρ,σ
jkk¯±1¯±1 and u
ρ,σ
jkk¯±1¯±1. These
processes are only present down to an energy-scale t⊥/N .
For dopings 0 < δ < (t⊥/t)/N , the “neighbor” processes
are cutoff before the main AFM processes, which leads to
a decoupling into band pairs (j, ¯), while for δ > (t⊥/t)/N
all AFM processes are cutoff by the chemical potential.
In this case, not only 2-band Cooper interactions within
band pairs (j, ¯) are large at the cutoff energy-scale, but
also the neighboring 2-band Cooper interactions (j, ¯±1).
Integrating the RGEs without AFM and umklapp pro-
cesses, but with initial-values for the Cooper and forward
interactions given by the AFM phase, see Eq. (27), and
similar initial-values for non-leading Cooper processes
cρ,σj¯±p (p = 1, 2, 3, . . .), we obtain a dx2−y2 superconduct-
ing instability at lower energies. We always find that the
scaling of the couplings is exactly such that (in particu-
lar, 4cρij = c
σ
ij , f
ρ
ij ≈ fσij ≈ 0)
H = H0 +
∑
i,j
∫
dxVij∆
†
i∆j , (53)
where the pairing operator is ∆j = ΨRj↑ΨLj↓+ΨLj↑ΨRj↓
and Vij < 0 for i, j ≤ N/2 respectively i, j > N/2 and
Vij > 0 in all other cases (dx2−y2 symmetry). The size
(but not the sign) of Vij depends on the initial-values
(i.e., on the doping). Note that the energy-scale of the
system is reduced by doping, i.e., the superconductor has
a lower scale than the AFM.
For large dopings, the 4-band interactions are cutoff be-
fore they could have flown sufficiently close to the AFM
fixed-point, such that there is no instability in the RG
flow and the low-energy phase is a FL [18].
As a result, for N finite, there is between the insulating
AFM respectively ISL phase at half-filling and the d-wave
superconductor at higher doping, an intermediate, con-
ducting phase with a spin-gap (see also Fig. 1). In the
2D-limit, the intermediate phase seems to disappear.
VI. CONCLUSIONS
We have studied the dimensional crossover from 1D
to 2D in half-filled, weakly interacting, N -leg Hubbard
ladders for t⊥ < t. Using the RG method, we found a
crossover energy Ec ∼ t exp[−α exp(γN)], where at ener-
gies belowEc the behavior of the spin-sector is ladder-like
and at energies above Ec 2D-AFM-like. We showed that
the 4-band-AFM processes are responsible for an instabil-
ity in the RG flow. Since without 4-band and umklapp
processes the Hubbard ladders become a FL for large
N [18], AFM processes (at higher energies) are necessary
and sufficient for a nontrivial phase in the (doped) N -leg
Hubbard model.
In the AFM phase, the couplings flow towards uni-
versal ratios and we obtained an analytical expression
for the Hamiltonian which is similar to the Heisenberg
AFM. Using bosonization techniques, we further investi-
gated this Hamiltonian and found that the charge-sector
is the same as in the half-filled two-leg ladder, i.e., the
type of Mott insulator is the same in 1D and 2D. For
the spin-sector, bosonization techniques confirmed that
the small-U case has similar physical properties as the
large-U (Heisenberg) case.
The effects of doping on the half-filled Hubbard Hamil-
tonian and of reducing the number of coupled chains N
is (almost) the same: In both cases, the interactions
between unpaired bands are suppressed, the antiferro-
magnetic correlations are reduced and only interactions
within band pairs (j, ¯) remain. Doping then opens a
spin-gap, but phase coherence exists only between bands
j and ¯. At higher doping levels δ ∼ (t⊥/t)/N , we can
expect that phase coherence between all bands sets in,
such that the system becomes a 2D-like d-wave super-
conductor. While the lightly doped case is conveniently
described by bound hole-pairs, the 2D-like superconduc-
tor at higher dopings is represented by a BCS-like d-wave
Hamiltonian with electron pairing. In the doped case the
antiferromagnetic correlations become incommensurate.
As a result, the Hubbard model cannot be under-
stood in terms of an AFM, ISL or superconductor alone.
The phase (correlation function) depends always on the
energy-scale (respectively length-scale) and is related to
the value of the LLPs. The AFM exhibits the highest
energy-scale. At half-filling, the groundstate (for N fi-
nite) is the ISL and for sufficient doping the d-wave su-
perconductor. We conjecture that in the doped case, the
flow of the couplings from the AFM to the d-wave takes
place via an intermediate phase: Consult table II; AFM
and superconductor differ in two LLPs. This intermedi-
ate (finite energy) phase has then the same LLPs as the
ISL — suggesting that the spin-gap opens before phase
coherence sets in.
We believe, that also for other systems of interacting
electrons the dimensional crossover from 1D to 2D can
be studied in a similar way and maybe enlightens our
understanding of the 2D case.
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